Present work is devoted to the study and development of space-time statistical structures of extreme type modeling with the use of the max-stable processes. The theory of one-dimensional extremal values and its extension to the two-dimensional case are considered and for that maxstable processes are introduced and then the main parametric families of max-stable processes (Schlather, Smith, Brown-Resnick, and Extremal-t) are presented. By modifying the maximum likelihood method, namely using the paired likelihood function, parameter estimates were obtained for each of the models whose efficiency was compared using the Takeuchi information criterion (TIC).
Introduction
The rapidly growing number of various natural and man-made disasters that previously were considered extremely rare indicates that the global climate change of the Earth is becoming obvious. Observable in various regions of the world and in particular in Russia, hurricanes, rainfalls and other natural disasters bring human casualties and substantial material damage to states and their economies. Therefore it is necessary to develop new methods of resisting the impacts of different environmental disasters, including comprehensive measures for forecasting, preventing and adapting the population to extreme situations. The study of regional climate change peculiarities that take place in connection with global warming is a priority area of modern international research projects. Important place in this area is given to the study of changes in the frequency and intensity of extreme weather events, including extreme precipitation, as it often leads to serious economic, environmental and human losses.
According to recent studies significant increase in the frequency of extreme events including rainfall is expected as a result of global and regional climate change. The archives of long-term accumulated observations and numerical model calculations of hydrometeorological parameters make it possible to study general patterns of spatiotemporal variability of extreme precipitation in Russia, caused by both environmental and anthropogenic factors over the historical observation period and to calculate the projections of their possible future changes.
Spatial modeling methods is a popular approach for studying extreme events in environmental applications. Numerous scientific publications (like [1] [2] [3] ) on this subject are engaging extreme value theory (EVT) and extreme processes to the analysis of environmental problems.
Present work is devoted to the study and development of precipitation models in European Russia for the period 1966-2016 with the aim of constructing a short-term precipitation forecast in a given region exceeding the normative indices. The study of regularities of long-term variability of extreme precipitation on the territory of Russia is aimed at the development of long-term forecasts. At the same time, such studies are important for the subsequent solution of many applied problems, including long-term planning of regional economic development.
Extreme Value Theory
Extreme value theory is based on Fisher-Tippett-Gnedenko theorem [2] that states the existence of normalized maxima's marginal distribution for sequence of i.i.d. random variables. If such distribution ( ) exists and is non-degenerate then it satisfies requirements of max-stable distributions ( + ) = ( ) for > 1 and > 0 and ∈ R, ∈ R 1 . Such distributions can be written in alternative form
where + = max( , 0), −∞ < < ∞ is location parameter, > 0 is scale parameter and −∞ < < ∞ is shape parameter. Last equation represents generalized extreme value (GEV) distribution [1] because it includes Weibull distribution ( < 0), Gumbel distribution ( = 0) and Frechet distribution ( > 0). Case = 0 is interpreted as limiting → 0. Another approach to order statistic modeling known as the threshold approach is bound to previous one. Following Pickands theory [1] under suitable conditions and for a sufficiently high threshold , the upper tail distribution of a wide class of random variables can be well approximated by
where > , + > 0, −∞ < < ∞ and ( ) = ( > ). Here ( ) is the probability that the threshold is exceeded, and and are respectively scale and shape parameters determining the distribution of exceedances corresponding to those of the limiting distribution of maxima. The parametrization of the generalized Pareto distribution (GPD), whose survivor function appears in the braces on the right part of equation is different from the usual one and has the advantage that the parameters and do not depend on the choice of threshold .
Max-Stable Processes
Using of max-stable processes [3] is an extension of extreme value theory applied to spatio-temporal precipitation fields. Let 1 , 2 , . . . be a sequence of non-negative independent copies of stochastic process { ( ) : ∈ } with continuous sample paths. If there are such continuous functions > 0 and
is non-degenerate, then { ( ) : ∈ } is max-stable process. For the consistency of this theorem with one-dimensional case it is considered that marginal distribution { ( ) : ∈ } in its condition must be distributed according to GEV. Their spectral representation [4] has the following form:
where { : 1} ... are points of the Poisson process at ... (0, ∞) and 1 , 2 , . . . is a sequence of non-negative independent copies of stochastic process { ( ) : ∈ } such that E { ( )} = 1 for all ∈ . Points { :
1} in the spectral characterization are radii while the stochastic processes { ( ) :
1} are angles. Further, four main families of max-stable processes will be considered: 1) Smith process [5] :
2) Schlather process [6] :
3) Brown-Resnick process [4] :
4) Extremal-t process [7] :
Here, the Brown-Resnick process is characterized by Gaussian stationary process ( ) with variogram ( ).
It is possible to derive a formula for finite-dimensional distribution { ( ) : ∈ } from spectral characterization. For each = ( 1 , . . . , ) ∈ , 1 and = ( 1 , . . . , ) ∈ (0, ∞) we obtain next formula:
It fully describes the joint distribution ( ) and is called exponential function.
It is obvious from the formula above that
Function ( ) is called -dimensional extremal coefficient [8] and represents total dependence measure between elements of random vector ( ). Due to independence of radial and angular components of the multidimensional extreme value the extremal coefficient doesn't depend on the radius, that is, from in ( , . . . , ) and shows relation we are interested in.
We focus on the two-dimensional case and define the function of the extremal coefficient:
Extremal coefficient function takes values in the interval [1, 2] , where the smallest value corresponds to complete dependence, and the largest corresponds to complete independence. For these two cases we obtain
It is important to note that the calculation of the exponential function for > 2 can be difficult [9] , therefore the consideration of finite-dimensional distributions of max-stable processes is mostly reduced to the two-dimensional case.
Example of spatial dependence measurement is shown in Fig. 1 ; here we plot pairwise f-madogram and extremal coefficient to show how dependence changes with distance. for the best fitting max-stable process for our data (that will be shown below). Distance between stations can be calculated as Distance ≈ ℎ · 111 km
Modeling of Extreme Precipitation Spatial Fields
In this study precipitation data of the All-Russian Research Institute of Hydrometeorological Information -the World Data Center of the Russian Federation is used, which show monthly precipitation in 14 cities of the European part of Russia. The data is freely available (on the website http://aisori.meteo.ru/ClimateR) and is represented by a set of tables (a separate table for each city); each table contains daily rainfall value for the period 1966-2016 years. Thus, we face not only the problem of analyzing the statistical properties of one-dimensional time series for each station, but also the problem of model development that contains spatial structure of the statistical relationships in various locations [10] .
Preliminary analysis of empirical data distribution properties in observed locations showed significant deviations of their statistical properties from the Gaussian distribution. It is for this reason that the use of GEV is justified, yet we need to evaluate the quality of fitting our data with GEV models. Diagnostic plots that are shown in Fig. 2 help us with that. Then GEV parameters were found for each city, they are shown in Table 1 . Developing trend surfaces for GEV parameters is important next step in our research because it might help us to estimate GEV parameters at any point of the field under study. It is important to note that the form parameter should be constant since it is the one that determines the model behaviour; position and scale parameters depend on the spatial coordinates, therefore they include latitude, longitude and their joint contribution. Thus, selection is made among models described as
( ) = ,0 . Table 2 shows the results of calculations, the choice of the best model is made using the Takeuchi information criterion (TIC) [11] . Finally, we compare the various models of max-stable processes [12] . The Table 3 below shows various families of processes and correlation functions are given in parentheses. The best model corresponds to the smallest value of TIC. We don't consider comparing Smith model [13, 14] with presented ones because, despite being easy to understand and even easier to implement, it's quite ineffective in terms of modeling and fitting real environmental problems. 5 out of 7 models belong to Schlather family that can be explained by its popularity in comparison with more complex Brown-Resnick and Extremal-t processes yet last ones show better results [15] . Their modeling and fitting are still very consuming, both in terms of time and in terms of computing resources.
The best model is an extremal-t process with the Whittle-Matern correlation function. 
Discussion
In this paper we propose using the extreme value theory methods for modeling daily maximum precipitation fields in the European part of Russia. Our approach consists in estimating parameters of one-dimensional extreme distributions (1) for each metering station and developing models of statistical dependence spatial structures with the use of max-stable processes for the entire measurement domain. Using the data of the All-Russian Scientific Research Institute of Hydrometeorological Information -World Data Center, the fields of precipitation of daily measurements converted into monthly maximum precipitation were studied in 14 cities of the European part of Russia for the period 1966-2016 years. Parameters of precipitation fields models were estimated using the censored method of pairwise maximum likelihood [16] which further allows us to simulate daily precipitation amount throughout the region. Various parametric families of max-stable processes are developed and their estimates are obtained. The best model is the t-extremal process with the parameters shown above (in Table 3 ).
Interpolation of precipitation values in unobservable regions adjacent to the observed ones is usually solved by kriging [17] but despite the fact that this yields the optimal result for Gaussian processes, it can give erroneous forecasts for extreme values due to the unsuitability of the Gaussian model for the data. Approach that uses conditional max-stable simulation [18] is more suitable for these purposes.
Proposed approach can be used in other areas where spatial modeling of extreme values and processes is required. The models of the max-stable processes used by us are also suitable for time scales in which precipitation measurements are stationary series. However the influence of estimation errors' autocorrelation increases in case of more frequent measurements and then it is necessary to develop models of space-time dependence structures [19, 20] . This is one of the directions for the further development of this work. В настоящей работе исследована проблема моделирования пространственно-временных статистических структур экстремального типа с использованием процессов устойчивых максимумов. Рассмотрена теория одномерных экстремальных величин и её расширение до двумерного случая, для чего вводятся процессы устойчивых максимумов.
Предложена математическая модель процесса устойчивых максимумов и представлены ос-новные параметрические семейства -Шлатера, Смита, Брауна-Резника, Экстремальное-t. При помощи модификации метода максимального правдоподобия, а именно с использо-ванием парной функции правдоподобия, были получены оценки параметров для каждой из моделей, эффективность которых была затем сравнена при помощи информационного критерия Такеучи (TIC).
Полученные модели согласуются с классической теорией экстремальных значений и поз-воляют рассматривать устойчивую пространственную зависимость осадков. Эффективность предложенных моделей проверялась на ежедневных данных по суммарным осадкам, за-регистрированных на 14 станциях в центральной европейской части России на период 1966-2016 гг.: сравниваются статистические модели из различных семейств, подходящих для пространственных экстремумов, после чего выбираются те, которые наилучшим об-разом описывают существующие данные. Этот метод можно использовать и в других приложениях для создания симуляций, необходимых для гидрологических моделей и, в частности, для создания пространственно-неоднородных осадков над водосборами. Было показано, что наилучшей моделью оказался экстремальный-t процесс с корреляционной функцией Уиттла-Матерна.
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